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Abstract

Knowledge systems technologies are dominated by
graphical structures such as ontologies, semantic
graph databases, and concept lattices. A critical
but typically overlooked aspect of all of these struc-
tures is their admission to analyses in terms of for-
mal hierarchical relations. Transitivities of net-
work links necessarily result in hierarchical levels,
whether explicitly within directed acyclic graphs
(DAGS) or implicitly through the identification of
cycles. And whether from transitive link types in
semantic graphs, or the explicit lattice structures of
Formal Concept Analysis, the partial order repre-
sentations of whatever hierarchy is present within
a knowledge structure afford opportunities to ex-
ploit these hierarchical constraints to facilitate a
variety of tasks, including ontology analysis and
alignment, visual layout, and anomaly detection.
In this short survey paper we introduce the basic
concepts involved and address the impact of a hi-
erarchical (order-theoretical) analysis on directed
acyclic graphs in knowledge systems tasks.

Introduction

beled directed graphs implemented in RDF heir

databased19] take the form of la-

While other examples of graph-based knowledge struc-
tures abound, what characterizes these structures in partic-
ular is their hierarchical nature. There is an increasing
emphasis on hierarchical structure in network sciebte
5], but these methods partition the set of nodes of an un-
derlying simple (undirected) graph to produce a hierarchical
decomposition. We are interested rather initita@nsic hier-
archical (level-based) nature of an underlytigectedgraph.

A good example is our concept lattice in Fig. 2, which is an
explicit hierarchy in its entirety, as are semantic taxonomies
such as the Gene Ontolog®] (GO®). But where OWL on-
tologies include hierarchical class structures, other portions
can be non-hierarchical. And more general knowledge struc-
tures like semantic graphs are not explicitly or necessarily
hierarchical, but may contain large hierarchical components.

In practice, ontologies are dominated by their “hierarchical
cores”, specifically their class hierarchies connecteddyya
subsumptive antlas- par t compositional links. And many
of the most common links in RDF graphs are transitive, in-
cludingcauses,i npl i es, andpr ecedes. We will show
in Sec. 3 below that any transitive link yields a hierarchical
structure in terms of the connectivity of its strongly connected
components, and is thus amenable to a hierarchical analysis.

Whether from transitive link types in semantic graphs, or
the explicit lattice structures of concept lattices, the partial
rder representation of whatever hierarchy is present within
a knowledge structure affords opportunities to exploit these
hierarchical constraints for a variety of tasks, including

e Concept lattices[10; 11; 17 are hierarchical lattice

OWL? ontological typing systems are also labeled di- Clustering and Classification: Including characterizing a
rected graphs, frequently dominated by directed acyclic portion of a hierarchy (e.g. groups of ontology nodes)

graph (DAG) and other hierarchical structures. Fig. 1 to identify common characteristi¢$5; 23,
shows a toy example, where the ontology of classes og\

the left forms the typing system for the semantic graph
of node and link instances on the right.

lignment: Casting ontology matchin@]* as mappings be-
tween hierarchical structur¢$3; 14.

Induction from Source Data: For example using concept
structures derived from identifying the maximal connec-  lattices to induce ontologies from textual relatida3].
tions among groups of objects and properties (rows and/isualization: Including exploiting the level structure of hi-
columns) of an attribute matrix, called a formal context. erarchies to achieve a satisfactory layfi].

Fig. 2 shows a simple example frdri], indicating se-
mantic generality of the attributes in terms of the number
of their shared objects, anice versa

In general, such a hierarchical analysis, when available,
promises complexity reduction, improved user interaction

3http://www.geneontology.org

2http://www.w3.0rg/TR/owl-features “http://www.ontologymatching.org
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Figure 1: Toy model of a semantic graph database. (Left) Ontological typing system as a labeled, directed graph of classes

(sample instances shown below dashed links). (Right) Conforming instance sub-graph.

with the knowledge base, and improved layout and visual an
alytics. In the remainder of this short survey paper we expli-
cate the basic concepts referred to here and draw connectio
among these application areas.

2 DAGs and Partial Orders
Mathematically, hierarchies are represented as partially ot

dered sets (posets), which are reflexive, anti-symmetric, ang
transitive binary relation® = (P, <) on an underlying finite

set of nodesP [7]. While we typically think of hierarchies as A
tree structures, more general kinds of hierarchies have “mul

tiple inheritance”, where nodes can have more than one pa

ent. These include lattice structures like the concept lattice it.
Fig. 2, where pairs of nodes have unique least common sub-, - )
sumers (and unique greatest lower bounds as well); partidrigure 3: (Top) A DAGD. (Left) Transitive reduction/(D).
orders where pairs of nodes can have an indefinite number ¢Right) Transitive closuré (D).

least common subsumers and greatest lower bounds; and fi-

nally general DAGs can also include “transitive links” which

form shortcuts across paths. its transitive closuré®(D). In Fig. 3 we havel ' R(D) = 17,
Consider simple DAG in the top of Fig. 3. The two transi- indicating a relatively low degree of transitivity.
tivelinks1 — H,1 — E connectthe two pathis— K — H In knowledge systems such as ontologies, our interpreta-

andl — C — I — E respectively. Given a DA®, the tion of the presence or absence of transitive links in DAGs
DAG P(D) produced by including all possible transitive links is significant. If the link-type in question is anti-transitive,
consistent with its paths is itsansitive closure, and deter- S0 that transitive links are disallowed, then clearly the pres-
mines an ordered s@¥(D) = (P, <) wherea < b C P if  ence of transitive links is in error. If, on the other hand, the
there is a directed path fromto b in D. The graphV(D) link-type in question is atransitive, so that transitive links are
produced from a DAGD by removing all its transitive links ~ allowed, but not required, then thieR(D) measures this ex-
(its transitive reductiod1]) determines aover relation or  tent. But finally, if, as is the case with our subsumption and
Hasse diagram Thus each cover relatiol determines a composition types, the link type represents a fully transitive
unique posefP(V), andvice versaa posetP determines a property, then the presence of transitive links are irrelevant or
unique cove)(P); each DAGD determines a unique poset erroneous. Effectively, such link types live in the trasitively
P(D) and coveV(D); and each unique poset-cover pair de- equivalent class of DAGs, that is, in the partial or@D),

termines a class of DAGs equivalent by transitive links. andT R(D) can be used as an aid to the user or engineer to
For a DAGD we can measure itegree of transitivity as  identify issues with the underlying ontology.
TR(D) := M, 3 The Hierarchical Cores of Directed Graphs
[P(D)\ V(D)

So central to the consideration of hierarchy in a knowledge
where) is set subtraction, we interpret each structure as thaetwork is the question of the presence and prevalence of
binary relation onP? of its incidence matrix, anfl | is cardi-  DAGs in general directed graphs which can possibly have
nality, so thaf - | is the number of links in, seen as a graph. cycles. Consider the network shown in Fig. 4 using a stan-
T R(D) measures the numbé&P \ V(D)| of transitive links  dard network layout with a primarily radial link distribution
in D relative to the total possible numbgP(D) \ V(D)| in  around centralized nodes. We can analyze this network as:
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a [ b|c l d_l e|f|lglh|i
1 | Leech x | % X
2 | Bream x | x x| % can move around
3 | Frog x | x| x % | x n needs chlorophyll
_4“_"15)05 b3 x x| x| x i one seed leaf
B | Spike — weed || x | x x *
6 | Reed X | x| x| x X )
7 | Bean x x| x| x spike-weed
8 | Maize x x| x % suckles its
oflspring
O
Context of an educational film “Living Beings and Water”. The at- dog ﬂj
tributes are: a: needs water to live, b: lives in water, ¢: lives on land, d: needs —

chlorophyll to produce food, € two seed leaves, i one seed leaf, g: can move
around, h: has limbs, i: suckles its offspring.

Figure 4: A network. Figure 5: Components of the network’s cyclic decomposi-
tion: roots are squares, leaves are oblongs, transitive links
are dashed arrows, and strongly connected components are

e Identify  the leaves as those nodes shown in dashed circles.
{A,D,G,H, K, M,O,Q}with no children.
o Identify the roots as those nod€s} with no parents. TR(D). The resulting hierarchy is shown in Fig. 6, where the

. two SCCs are replaced with new nodésindY” respectively.
e Identify the strongly connected components (SCZB)  \wpjle this structure is substantially similar, of course these

as those sets of nodes which are directed cliques, wherg, " o nodes will be identified as being new meta-nodes,

a dire_cteo_l path ex_ists be_tween all pairs on no_des. Eachng available for “double-clicking” to open up the SCCs re-
SCC is either a single directed cycle or a union of d"vealing the original structure below.

rected cycles, and are necessarily disjoint from each ; . . .
Y y CIs) While such an approach to a “cyclic decomposition” is a

other: if two SCCs intersect, they’d form a single SCC ; o
together. In the example, there are two SCGS,— known standard for directed grapf@], it is not usually ap-

; ] o plied for hierarchical anlaysis. Note that the layout is adjusted
L{Jgi’oﬂ gﬁé: ts\;vnog;e_fy;}é%:?\), ?d;;a{nﬁ’ {%%]}%§the to bring the root to the top and the leaves to the bottom, and to

) . _ emphasize the stratified nature of the hierarchy. This concept
e Identify the transitive links, these are the two links>  of “level” or rank is central to our approach, and will be dealt
M shortcutting the 3-path — B — M andl1 — with in Sec. 4.1 below.

L — M, and the link¢" — D shortcutting the 4-path |4 aqdition to deriving the base cyclic decomposition, we
C—I1—-E—D. are also interested in some numerical quantities such as the
Fig. 5 shows our network with these components identifiednumber of roots, leaves, and SCCs, along with the spectrum
We proceed by contracting each SCC to a new node i®f sizes of the SCCs. Depending on the results of these mea-
a higher-order space, combining any multiple links betweerfurements, it may or may not be appropriate to proceed with
SCCs into one. The resulting structure is necessarily a DAG@ hierarchical analysis of the network.
D. Finally, we derive the transitive reduction of the cyclic  In particular, for a DAGD produced from an underlying
decomposition to eliminate the transitive links, measuringdirected graphy, we can measure the degree of cyclicity as
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Fig. 7. Each node which sits on a complete chain (a path from
1 down to0) of maximal size is placed horizontally at the
center of the page. Nodes are laid out horizontally according
to the size of their largest chains maximal chains. The result
it to place maximal complete chains along a central axis, and
short complete chains towards the outer edges. Nodes are
placed vertically according to the mathematical quantity of
the midpoint of their interval rank, but can be free to move
between top rank’(a) and bottom rank?®(a).

The result is that while nodes on maximal complete chains
(all those intersecting the chain— D — F - I — X —
1 in the example) exist at a single level, some (for example
K) do not. While Fig. 7 shows a 2D layout, we have also
deployed this concept in a 3D laydiit6].

4.2 Order Metrics

Figure 6: The network’s cyclic decomposition displayed as SGiven the need to perform operations like clustering or align-
hierarchy. ment on ontologies represented as orderedBets(P, <), it

is essential to have a general sense of distd(icé) between

two nodes:, b € P. The knowledge systems literature has fo-
C(G) := |D|/|G|. As two extremes((G) = 1/|G|, so that ~cused orsemantic similaritiesto perform a similar function,
the network consists of a single, large SCC; of;fiG) = 1, ~ Which are available whef® is equipped with a probability
then the network was already a DAG at the outset, and ndlistribution, derived, for example, from the frequency with
SCCs are observed. In either event, continuing with a hierawhich terms appear in documents (for the Wordriéj the-
chical analysis would not be fruitful. But if there are a num- Saurus), or genes are annotated to GO nodes.
ber of moderately sized SCCs, then the resulting hierarchical SO assume a poséP, <) with a base probability distribu-
structure will provide greater simplification and a stratified tionp: P — [0, 1], 3", p p(a) = 1, and a “cumulative” func-

view of the underlying complex structure. tion 3(a) := > _,-,p(a). We then generalize the join (least
upper bound) and meet (greatest lower bound) operations in
4 Measures on Hierarchical Graphs lattices as follows. Leta := {b > a} and| a := {b < a}

are the up-set (filter) and down-set (ideal) respectively of a

Given a hierarchical structure as a DAG represented by it%odea c P. Thenfortwonodes, b € P, letaVb = T an{b

transitive closure posé®, perhaps derived as the cyclic de- andaAb = | an | b be the set of nodes above or below re-

composition of a network, or provided natively as in a tax- spectively both of them. Then the generalized join b is
onomic ontology, we now have a number of tools available

to measure this hierarchical structure. Here we discussetg1e set of minimal (lowest) nodes afv, and the general-

interval-valued rank measuring the vertical level of nodes ized meet: /b is the set of maximal (highest) nodescak.
: uring the ' WhenP is a lattice, therja V b| = |a A b| = 1, recovering
andorder metrics measuring the distances between nodes

C1a d traditional join and meet.
Seel12;16; 1§ for more details. Traditional choices for the semantic similaritia, b) be-

4.1 Interval-Valued Rank tween two nodes then include the measures of Resnik, Lin,

Given a hierarchy e.g. in Fig. 6, we are concerned with theanOl Jiang and Conraf]:

proper representation of the vertical level of each node, as S(a,b) = max [~ log,(5(c))]
represented by its positioning in a layout. We note that all cca
children of the root are the same “distance” from the root, but S(a,b) = 2maxceavs[logy(B(c))]

if these arealsoleaves then they should be positioned further  logy(B(a)) + log,y(B(b))
down. In other words, we need to exploit the vertical distance — _ _
from boththe topand a global bottom, in this case a virtual S(a,b) 2523\% [logz(53(c))] —logz(5(a)) — log, ((b))
node0 € P we can insert and place below all the leaves. respectively. But most of these are not metrics (not satisfying
Fora,b € P, let h*(a,b) be the length of the maximum the triangle inequality), and all of these lack a general mathe-
path froma to b. Then the distance of a nodec P from matical grounding and require a probabilistic weighting.
the rootl € P is thetop rank r*(a) := h*(a,1). Dually Our approach uses ordered set metf@; 22 which can
we define thebottom rank r°(a) := h*(0,1) — h*(0,b),  use, but do not require, a quantitative weighting such as
whereh* (0, 1) is the overalheight of the structure. Thenthe 3, and always yield a metric. They are based on valua-
interval rank R(a) := [ri(a),"(a)] becomes available as tion functionsv: P — IR™ which are, first, either isotone
an interval-valued measure of the vertical levels over which (¢ < b — v(a) < v(b)) or antitone ¢ < b — v(a) > v(b));
can range, while theank width W (a) := r(a) — r*(a)isa  and then semimodular, in that
measure of that randé6; 1§. JUPA
We can exploit this vertical rank in terms of hierarchical v(a) +v(b) ~ v (a,b) +vala,b),
layout and visualization, as shown for our example now in  Shttp://wordnet.princeton.edu
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Figure 7: Chain layout of the cyclic decomposition of the network in Fig. 4.

where~e {<, > =}, yielding super-modular, sub-modular, irreconcilable. Nonetheless, other things being equal, it is

and modular valuations respectively; and

v R 3 o
v (a,b) = Crgr}llélbv(c), va(a,b) = CrélaaAva(c).

preferable to have a more smooth mapping than not.
So, for two ontology nodes, b € P, consider thdower
cardinality distance d;(a,b) := | | a| + | | b| — 2 max [ el
cean

Whether a valuation is antitone or isotone, and then sub- We can measure the change in distance betweénc P
or super-modular, determines which of four distance funcinduced byf as thedistance discrepancy

tions is generated, e.g. the antitone, supermodular case yields

d(a,b) = v(a) +v(b) — 20V (a,b). When?P is a lattice, then
this simplifies tad(a, b) = v(a) + v(b) — 2v(a V b).

8(a,b) = |di(a,b) — di(f(a), f(D))],

where d;(a,b) = H% € [0,1] is the normalized

Typical valuations include the cardinality of up-sets and lower distance between and b in P given the diameter

down-sets:v(a) = |Tal,v(a) = || al, and the cumulative
probabilities used in semantic similaritieta) = (3(a). In

this way, poset metrics generalize semantic similarities an

provide a strong basis for various analytical tasks.

5 Order Metrics in Ontology Alignment

diamy(P)

mount of distance discrepancy at a nade P compared
all the other anchors € P by summing

or(a) =" d(a,b) =" |di(a,b) — di(f(a), f(b))],

beP beP

= nll)a)l()d(a, b). We can measure the entire
a,be

A good example of the utility of this order theoretical technol- Yielding the discrepancy(f) := >, p 05 (a) of the align-

ogy in knowledge systems tasks is in ontology alignni&at
14]. An ontologyalignmentis a mappingf: P — P’ taking
anchorse € P in one semantic hierarchp = (P, <) into
anchorsy’ € P’ in anotherP’ = (P’, <’). In seeking a mea-
sure of the structural properties of the mappifigour pri-

ment.

Consider the example in Fig. 8, with the partial alignment
function f as shown, mapping only certain nodes, £, G}
from P to P’. Then we have e.g. the lower normalized dis-
tance between nodds andG asd;(FE,G) = 1/3; the dis-

mary criterion is thayf should not distort the metric relations @nce discrepancy between the two nodles: in virtue of f

of concepts, taking nodes that are close together and makirRpd (£, &) = [1/3—3/5[ = .267; the entire distance discrep-

them farther apart, orice versa ancy at the nodé asdy(E) = 2/5; and finally the distance
It should be noted that a “smooth” mapirigs neither nec-  discrepancy for the entire alignment &) = .47.

essary nor sufficient to be a good alignment: one the on

hand, a good structural mapping may be available betwee Future Work

structures from different domains; and on the other, differ-Our work continues across the range of tasks outlined here,

ences in semantic intent between the two structures may bend includes a number of future targets:
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[13]

Figure 8: An example alignment.

A characterization of semantic similariti€sin terms of

order metrics. [14]

Induction of new alignment links based on searching
for low-discrepancy mappings within the space of order
morphisms.

Characterization of ontology link types in terms of hier-
archical structure, factoring transitive and non-transitive
link types.

Identification of measures of centroid and dispersion in
ontology clustering tasks.

Anomaly detection in concept lattice based on correla-
tion of interval rank and extent/intent size.
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