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Definition 1. A hypergraph H is a triple H = (V, E,i), where V and E are sets, known as the vertex set
and the edge set respectively, andi : V x E — {0, 1}, known as the incidence function.

The seti~'(1) C V x E is known as the incidence relation for H.
Definition 2. A property hypergraph is tuple (V, E,i, ¢,¢,.,Tv,Tr,T;), where (V, E, 1) is a hypergraph, and

¢:V = Ty,e: E— Tg,and . : i1 (1) — T;, for some finite sets Ty, T, T;, called the set of vertex types,
edge types, and incidence types respectively.

Even when V and E are not disjoint, the incidence relation distinguishes vertices from edges within the
context of an incidence.

Definition 3. Let H = (V,E,i,¢,¢,0, Ty, Tg,T;) be a property hypergraph. The dual property hypergraph
is a tuple H* = (E,V,i*,¢,0,.*,Tg,Tv,T;), where i* : E x V. — {0,1} such that i*(e,v) = i(v,e), and
2 (i*)71(1) — T; such that .* (e, v) = (v, e).

Note that .* and . are different. This creates a somewhat unsatisfying situation when we try to claim an
equivalence between hypergraphs and bicolored graphs in the case when each has properties. In an
undirected bipartite graph, an edge property does not specify which of the edge’s vertices plays which role
in the property. We could declare that the semantics is determined by the property map and the bicoloring
in tandem, which would work mathematically, but in real data, which often follows subject-object property
semantics but often does not admit a bicoloring, it seems more natural to associate an incidence property
with a directed edge. The direction of an edge in our directed property graphs indicates the roles of vertices
in the incidence property, and can be reversed by altering the semantics of the property definition.

Definition 4. A directed bicolored graph is a tuple G = (V, E, c), where V is a set, called the set of vertices,
E C VxV iscalled the set of directed edges, andc : V — {0, 1} such that for any (vy,v2) € E, c(v1) # ¢(va).

Definition 5. A directed bicolored property graph is a tuple G = (V,E, ¢, $,¢,Tyv,Tg), where (V,E ¢) is a
directed bicolored graph and ¢ : V — Ty, e : E — Tg, for some finite sets Ty and T, called the vertex
property set and the edge property set respectively.

An undirected property graph with bicoloring-determined semantics may be replaced with a directed graph
by directing each edge from the first color to the second and redefining the property semantics in terms of
the edge direction.

From now on, we will assume that all graphs are directed.

Definition 6. Let H = (V, E,i,¢,¢,.,Tv,Tg,T;) be a property hypergraph, and suppose VN E = (). Then
hypergraph (V, E, i) is equivalent to the bicolored graph G = (V' E’, '), where

1. V=V UE,

2. E'=i"1(1), and

3. ¢ : V' — {0,1} such that (¢')~(0) = V and (¢')~*(1) = E.
Define Gy = (V' E', ¢, &', €', Ty, Tg), where

1. TV’ = Tv U TE,

2. Tp =1;,

3. ¢ : V! = Ty, such that ¢'| = ¢ and ¢'|g = ¢, and

4. ¢ : E' — Tg such that e = ..

Then Gy is a (directed) bicolored property graph, with all edges pointing from (¢/)=1(0) to (¢/)~1(1).



Definition 7. Conversely, suppose G = (V, E, ¢, ¢,¢, Ty, Trg) is a (directed) bicolored property graph. Define
He= (V' E V¢, ¢V, T, T T, where:

1. V' = (¢)~4(0),

2. B = ()" (1),

3. i : V' x E' — {0,1} is the restriction to V' x E’' of the adjacency function for G.
4. Ty = p(V),

5 Ty = $(E'),

6. T, = Tg,

7. ¢' V' = T, such that ¢’ = ¢|v,

8. ¢ : E' — T such that e = ¢|g,

9./ :i"71(1) = T] such that/((v',€")) = e((v', ¢")).

Then H¢ is a property hypergraph.

Proposition 8. Let H = (V, E,i,¢,¢,.,Tv,Tr,T;) be a property hypergraph such that the functions ¢ and
e are surjective. Then Hi,, = H.

Proof. We must have Gy = (V' E', ¢, ¢, ¢, Tv UTg,T;) forsome V', E’, ¢/, ¢, and €, and also
Hg, = (V' E" " ¢" € ' Ty, T, T;) for some V' E", i", ¢", €, and . Then by the above defini-
tions:

—

. V// — (C/)—l(o) — V,

2. E" =(d)71(1) = E,
3. dom(i") = V" x B =V x E,
4. for (v,e) e V" x E", i"(v,e) = i(v, e),
5. ¢" =¢|yr =9,
6. Ty =¢' (V") =¢'(()~10)) = ¢'(V) = ¢(V) = range(¢) = T, since ¢ is surjective,
7. €' =¢'|pn =,
8. Ten = ¢'(E") = ¢'((<)"1(1)) = ¢'(E) = e(F) = range(e) = Tx, since ¢ is surjective,
9. /! =€ =1, and
10. T/ =T, =T,

O

Note that if ¢ and e are not surjective, the bicolored property graph formulation offers no natural way to store
their individual codomains in G, as only the combined codomain of ¢’ is preserved.

If directed property graph arrows serve only to indicate how to read the semantics of the property, for formal
purposes it makes sense to direct the arrows with a consistent convention and interpret the semantics
accordingly. If it is possible to do this in a way that respects a bicoloring, there is an equivalent hypergraph:

Proposition 9. LetG = (V, E, ¢, ¢,¢,Tv, Tr) be a (directed) bicolored property graph, with all edges point-
ing from ¢=1(0) to ¢c=(1), and ¢ surjective. Then Gy, = G.



Proof. We have Hg = (V' E',i',¢', €',/ TY,, Ty, T}) and Gu, = (V",E",c",¢",€", T, T} for some as-
signments of these variables. The proof is similar to above:

1.

© N o o & 0 D

V'=V'UE' =c1(0)uc (1) =V,

E"=(")"*1) = {(v,e) € V' x E'|(v,e) € E} = E,
d'"(v)=0ifveV and ’(v) =1ifv e E' thenc’ =¢,

"l =¢" = ¢lo-10) and ¢" | = € = ¢|c-1(1) then ¢ = ¢,

= = €

Ty =T, UTp = ¢o(V)U@(E') = ¢(V) = Ty, since ¢ is surjective,
T! =Tg, and

Ty =T

O

For a property hypergraph H with V' and E not disjoint, there is generally no way to map it to a property
graph on vertex set V U E, bicolored or not. This is because for t € VN E, we may have ¢(t) # €(t), so there
is no way to consistently define ¢’'(t) in Gx. If, however, there is a well-defined property map on V U E, and
a well-defined incidence map on (V U E) x (V U E), the construction in Definition [6]is well-defined, except
that we cannot define a bicoloring. In the opposite direction, given a property graph without coloring, we
can construct a property hypergraph, with vertices and edges not necessarily disjoint:

Definition 10. Given a (directed) property graph G = (V, E, ¢,¢,Tv,Tg), we can define a property hyper-
graphHg = (V' E', V', ¢ €,/ TV, Ty, T}), where

-

© ® N O & A W N

Vi ={v e V|3, ev(v,v1) € EY,

E'={v e V| eu(v1,v) € B},

i is the adjacency function for G restricted to V' x E’,
TY, = o(V"),

Ty = 6(E').

¢V =Ty, ¢ = ¢lv,

€ FE = Th e =3dlp,

J =€, and

T/ = Tg.

Then H¢ is a property hypergraph.

When G happens to admit a bicoloring compatible with the directed edges, this construction reduces to the
ordinary bipartite-graph to hypergraph correspondence. Though we do not get into the details here, the
map G — H¢ extends to a morphism from the category of graphs to the category of hypergraphs, under
which the canonical map G’ — G which maps the two-fold directed cover G’ of G onto G has as its functorial
image the canonical map H¢s: — H¢ which maps the disjoint union hypergraph Hy, = H onto Hg.

Proposition 11. Let G = (V,E, ¢,¢,Tv,Tg) be a (directed) property graph with no degree-zero vertices,
and ¢ surjective. Let He = (V' E',i', ¢/, €',/ T{,, T}, T!) defined as above. Then Gy, = G.



Proof. Let Gy, = (V" , E", ¢" €, T, Ts) Then

. V" =V'UE =V,since G has no degree-zero vertices,

E = (i/)_l(l) — E,

@'y = ¢ and ¢"'|g = € and ¢’ = |y and € = ¢|g and so ¢” = ¢ which is well-defined since the
functions ¢’ and €' agree on their intersection,
e'=1V=c¢

Ty =Ty, UTp = o(V') U o(E') = (V) = Ty, since ¢ is surjective.

O

In the event that the direction of a graph’s oriented arrows does not match the bipartite hierarchy determined
by the edge semantics, the two may be treated separately. The starting definitions would be as follows:

Definition 12. A property hypergraph with orientation is tuple (V, E, i, ¢,€,., Ty, Tg,T;), where (V, E,i) is a
hypergraph, and ¢ : V — Ty, e : E — Tg, and v : i~ (1) — T; x Zs, for some sets Ty, Tr, T;, called the set
of vertex types, edge types, and incidence types respectively.

Definition 13. Let H = (V,E,i,¢,¢,., Ty, Tr, T;) be a property hypergraph with orientation, and suppose
V N E = (. Then hypergraph (V, E, i) is equivalent to the bicolored graph G = (V' E’, '), where

1.
2.
3.

VI=VUE,
E' ={(v,e): (v,e) €i 1 (1),u(v,e) =0} U{(e,v) : (v,e) €i~1(1),c(v,e) = 1}, and
¢ V" —{0,1} such that (¢)~1(0) =V and (¢)~'(1) = E.

Define Gy = (V' E', ¢, &', ¢/, Ty, Tg'), where

1.
2.
3.
4.

TV’ :TVUTE,
T =1;,
¢' V' — Ty, such that ¢'|v = ¢ and ¢'|g = €, and

€ : B — Ty suchthate = ..

Then Gy is a (directed) bicolored property graph.

Definition 14. Conversely, suppose G = (V,E,c,¢,¢,Tyv,Tg) is a (directed) bicolored property graph.
Define He = (V' E',¢', ¢/, €',/ T{,, Ty, T}), where:

1.

©® N O O A D

V'=(c)1(0),

E' = (c)7'(1),

i’ : V' x E' — {0,1} is the restriction to V' x E' of the adjacency function for G.
Ty = ¢(V'),

T = ¢(E'),

Ty =Tg

¢/ : V' = Ty such that ¢/ = ¢|v,

¢ : E' — Ty such that e = ¢|g/, and



9.

Then

Vo7 (1) = Ty x Zy such that /' (v, e') = (e(v',€'), Ly eryep)-

Hg is a property hypergraph with orientation.

Proposition 15. Let H = (V, E,i,¢,¢,1, Ty, Tr, T;) be a property hypergraph with orientation such that the
functions ¢ and e are surjective. Then Hg,, = H.

Proof. We must have Gy = (V' E’, ¢, ¢, ¢/, Ty UTg,T;) forsome V', E', ¢, ¢', and ¢, and also

Heg,
tions:

—

© ® N o g & 0 D

—
e

= (V" E" " ¢" " Ty, T, T;) for some V" E", i", ¢", €', and .”. Then by the above defini-

LV = () H0) =V,

E" = (d)7Y(1) = E,

dom(i") = V" x E" = (¢)7*(0) x (¢)7*(1) =V x E,

for (v,e) e V" x E", " (v,e) = i(v,e),

¢ =¢'lvr = ¢,

Ty =¢' (V") =¢'((<)71(0)) = ¢/'(V) = ¢(V) = range(¢) = Ty, since ¢ is surjective,
' =¢'|pn =¢

Ter = ¢'(E") = ¢'((<)71(1)) = ¢'(E) = ¢(E) = range(e) = T, since ¢ is surjective,

for (,U//7 e//) c E/, Lll(vll,ell) — 6/(,U//7 e//) — L(U”,e”) and for (e//’ 7}//) c E/’ L//(’UN7€//) — 6/(e//’/U//) —
v(v”, e, and

T‘iﬁ = TE/ = Tl

Proposition 16. Let G = (V, E,c,¢,¢,Tv,Tg) be a (directed) bicolored property graph such that the func-
tion ¢ is surjective. Then Gy, = G.

Proof. We have Hg = (V' E',i',¢', €',/ TV, Ty, T}) and Gu, = (V",E",c",¢",€",T{;,T}) for some as-
signments of these variables. The proof is similar to above:

1.

© N o g & 0D

V' =V'UE =cY(0)Uc (1) =V,

E" ={(v,e) e V' x F’'|(v,e) € E} U{(e,v) € V' x E'|(e,v) € E} = E,
d'(v)y=0ifveV’ and ’(v) =1ifv € E' then ¢’ =¢,

" |lvi = ¢ = ¢lc-1(0) and ¢" | = € = P|.-1(1) then ¢ = ¢,

6// — L/ =€

Ty =T, UTE = (V' )U@(E') = ¢(V) =Ty, since ¢ is surjective,

T! =Tg, and

T =1T).
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